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Motivation

> Represent slot
machine as
model

» Find all
“loops”

» Check for
exploits

= (Symbolic)
model checking
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Symbolic MEC Decomposition

n:=|V|, m:=|E|
. Worst-Case Worst-Case I
Algorithm Sym. Ops. Sym. Space Applicability
NAIVE [DA98, CHL+18] O(n2) O(Iog n) GEBAv GVBA
LockSTEP [CHLT18] O(ny/m) O(y/m) Gega, Gvsa
o<l O(n¢l
COLLAPSING [CDHS21] (O(Z . <O§.'57)) (O(i eoing.s) Gvsa

= Performance in practice?




Structure

» MDPs: MECs on graph-like structures Gega and Gyga

» Symbolic MDP representation using BDDs

» Symbolic MEC algorithms: NAIVE, LOCKSTEP, COLLAPSING
» Empirical evaluation of algorithms

>

Summary and Future Work



MDP
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MDP

Edge-based actions Ggga
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MDP

Edge-based actions Ggga
VS
Vertex-based actions Gypga




ECs

End Component:
» Set of states and actions
> Each state has at least one action

» All pairs of states of EC are reachable from another (using
actions of EC)

» No outgoing actions
= Player can stay within EC indefinitely



MECs

» MEC: Maximal EC (WRT set inclusion)
= Each state/action belongs to at most one MEC

» MEC decomposition: Compute all MECs of MDP M
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BDDs

Binary Decision Diagrams (BDDs)
In practice: Reduced Ordered BDDs (ROBDDs)
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BDDs




MDP Representation: States

1
fV' : {Oa 1}1: - {071}7 fV’( X1y eeey Xt ) = { ’
—— 0,

encodes s € V
Gyga:
» fy, for Player Vertices Vp
» fy, for Random Vertices Vg
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MDP Representation: Transitions

Transition BDD Gyga:

/
tVBA(X17 vy Xty X1y ey X
—_———
!

seV s'eVv
(Row) (Column)

Transition BDD Ggpga:

{1, (s,a,s') € E

tEBA( X1y oeey Xt 7)/17---7)/u7X{a---7X£) = /
—_— Y — O’ (S,CY,S)QE

seV o € Als] s'eV
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Symbolic Algorithms

» Need to utilize symbolic operations

» Runtime: symbolic operations (Pre/Post)

» Space: symbolic space (BDD)
» Assumes O(n) symbolic SCC decomposition [GPP03]

n:=|V|, m:=|E|

. Worst-Case Worst-Case s
Algorithm Sym. Ops. Sym. Space Applicability
NAIVE [DA98, CHL+18] O(n2) 0(|Og n) GEBAv GVBA
LOCKSTEP [CHL+18] O(n\/ﬁ) O(\/ﬁ) Gega, Gvea
o(n*~<I O(n¢l
COLLAPSING [CDHS21] (0(2 . <Og'g; (0(2 603"0)'5) Gvsa




MEC Decomposition: NAIVE
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Symbolic implementation of basic MEC decomposition algorithm

= SCC decompositions and removal of outgoing actions



MEC Decomposition: LOCKSTEP

T M Ba T Ba
Large EC o A Qg

Idea: identify bottom SCCs to

Large EC

SCCA

avoid duplicate vertex traversals



MEC Decomposition: LOCKSTEP
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» Start lockstep search from each vertex which lost an edge.
» Post operations yield bottom SCC



MEC Decomposition: LOCKSTEP




MEC Decomposition: COLLAPSING

Two passes:
» Detect vertices of ECs quickly
» SCC decomposition on ECs = MEC decomposition



MEC Decomposition: COLLAPSING

o /
» Split up large SCCs using separator.
» Process smaller SCCs

» Re-add separator



MEC Decomposition: COLLAPSING

Retraversal of ECs cheaper after collapsing



MEC Decomposition: COLLAPSING




MEC Decomposition: COLLAPSING




MEC Decomposition: COLLAPSING

/ !/ )
tEBA( X1y ooy Xt 5 Y1y -e5 Yuy X1y eeey Xt ):
—_—— S——_———

Source Vertex  Action Destination Vertex
seV a€A[s] s'ev

O i
’ Ba

:‘/
o
Ba

as A
@@,

Ba



Evaluation

n:=1V|, m:=|E|
. Worst-Case Worst-Case S
Algorithm Sym. Ops. Sym. Space Applicability
NAIVE [DA98, CHL+18] O(n2) O(Iog n) Gega, Gvea
LockSTEP [CHLT18] O(ny/m) o(v/m) Gega, Gvsa
O(n*=€log n) | O(n®log n)
COLLAPSING [CDHS21] (0<e<05) | (0<e=<05) Gvsa

Performance in practice?

=> Empirical evaluation using
» STORM
> quantitative verification benchmark set (QVBS)

» 1 Hour time limit




Evaluation

» STORM assumes Ggga = convert to Gygy if desired
» 189 Benchmarks for runtimes

» 177 Benchmarks for symbolic operations

== Full transition BDD Ggga
100 ¢

== Transition BDD Gyga
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Evaluation:

Max. Runtime (Seconds)
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Runtime Overview

== Gega NAIVE /

= Gyga NAIVE /
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Evaluation: LOCKSTEP

LOCKSTEP Runtime (Seconds)
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Evaluation: COLLAPSING

ME
TO
3600
1000

—
o
s]

=
S)

Gyga COLLAPSING
Runtime (Seconds)

_
=

— o
o 8

Gyga NAIVE
Runtime (Seconds)

000T

009¢
oL
EIN

Gyga COLLAPSING
Symbolic Ops
= [ =
) ) 1)
& EY 2

=
Q
*

—
o
W

103 10* 10° 10° 107
Gyga NAIVE
Symbolic Ops.



Evaluation: COLLAPSING
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Summary

» Theoretical worst-case improvements are not reflected in
empirical results
» Least amount of Sym. Ops.: NAIVE

» Best Runtime: NAIVE or COLLAPSING
» But COLLAPSING is (at the moment) only applicable to Gyga



Future Work

> “Native” Gyga implementation
» COLLAPSING implementation on Ggga
» Improvements in SCC decomposition [LSS23]

» Comparison of explicit MEC decomposition algorithms
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ROBDDs: Variable Ordering




ROBDDs: AND Operation

f(xt, s Xa) = x1X3 + 32

o

NofRoR

~
~
~

Ny
A2B> A3 By

\/ : i / \A/
AyB3 As By Ag By
v v
o) o] o]

g(x1, -y Xa) = Xoxa + X3 + X1

o



MDP: Directed Graph of Ggga

Directed graph of Ggega



MDP Representation
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NAIVE Worst-Case




Random Attractor Removal Optimization




Gega to Gyga Conversion

Have:

Want:

Conversion:

/ /
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—_— Y —
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Gega — Gyga Conversion Runtimes
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Gega — Gysa

Max. Node Count
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All Transition BDDs

Full:

Abstracted:

Converted:
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GEBA — GVBA Conversion BDD Sizes
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CoLLAPSING BDD Sizes

x~Max. BDD Size
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NAIVE Variants Runtime
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GEBA VS GVBA Sym. OpS
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GEBA BDD Sizes
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Quantile Plot of Sym. Ops (Pre + Post)

Max. symbolic (Pre + Post) ops
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Quantile Plot of Sym. Ops (All)
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